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Oscillations and Chebyshev’s bias

Prime Number Theorem

• Recall the prime number theorem

π(x) := #{p ≤ x} ∼
x→∞

li(x) :=
∫ x

0

dt
log t .

• Numerically, it seems π(x) < li(x) for x ≥ 2, however Littlewood (1914) showed
that

π(x) − li(x) = Ω±

(
x1/2 log log log x

log x

)
.

• In other words,

lim sup
x→∞

π(x) − li(x)
(x1/2 log log log x)/ log x

> 0

and
lim inf

x→∞

π(x) − li(x)
(x1/2 log log log x)/ log x

< 0.

In particular, π(x) − li(x) changes sign infinitely many times.
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Oscillations and Chebyshev’s bias

Oscillations

• Recall ψ(x) :=
∑

pk≤x
log p (we switch back and forth to π(x) by summation by

parts).

• Littlewood’s method exploits the oscillations in the explicit formula

ψ(x) − x = − log(2π) −
∑

ρ
Re(ρ)>0,ζ(ρ)=0

xρ

ρ
+ o(1)

and simultaneous (inhomogeneous) diophantine approximation of the zeros if the
Riemann Hypothesis (RH) is true.

• In particular, the result is ineffective, it leaves open the following questions:
1 How often ψ(x) − x or π(x) − li(x) is positive or negative?
2 How often does it change sign?
3 When does it change sign for the first time?
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Oscillations and Chebyshev’s bias

Number of sign changes

• Let V1(T ) and V3(T ) denote the number of times π(x) − li(x) and ψ(x) − x
respectively changes sign in the interval [1, T ].

Theorem (Pólya, Ingham, Levinson, Kaczorowski...).

For i ∈ {1, 3}, there exists an (astronomically) small effective constant δi > 0 such that

lim inf
T →∞

Vi(T )
log T ≥ γ0

π
+ δi,

where γ0 ≈ 14.13 . . . is the imaginary part of the smallest non-trivial zero of ζ.

• This is very far from the expected C
√
T !
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Oscillations and Chebyshev’s bias

Skewes’ number: first sign change

• Going back to π(x) − li(x), let xS := inf{x ≥ 2 | π(x) > li(x)}.

• Skewes (1933), a student of Littlewood, "deconstructed" Littlewood’s proof and
showed that xS ≤ exp(exp(exp(79))) assuming RH. Then, unconditionnally:

1 (Skewes, 1955) xS ≤ exp(exp(exp(exp(7.705))).

2 (Lehman, 1966) Using a weighted explicit formula, xS ≤ 1.65 × 101165.

3 (Bays-Hudson, 2000) Using the verification of RH and an accuracy of 10−9 on the first
106 zeros, xS ≤ 1.4 × 10316.

• On the other hand, we only know xS ≥ 1019 (Büthe, 2015). This is quite the gap!
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Oscillations and Chebyshev’s bias

Frequency of positivity: density

Theorem (Rubinstein-Sarnak, 1994).

Assume RH and the imaginary parts of the non-trivial zeros of ζ are linearly
independent over Q (LI). Then the logarithmic density

δ := lim
X→∞

1
logX

∫ X

2
1π(t)<li(t)

dt
t

= lim
X→∞

1
X

∫ X

log 2
1π(et)<li(et) dt

exists. Moreover,
δ ≈ 0.99999973 . . . ̸= 1.

• Note that under RH the natural density

lim
X→∞

1
X

∫ X

2
1π(t)<li(t) dt

does not exist! (Kaczorowski, 1993)
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Oscillations and Chebyshev’s bias

Sketch of proof I.

• Let E(x) := π(ex)−li(ex)
ex/2/x

. Under RH, the explicit formula yields

E(x) = − log(2π) −
∑

γ

eiγx

1
2 + iγ

+O
( 1
x

)
,

where the summation is over the imaginary parts of the non-trivial zeros of ζ,
counted with multiplicities.

• Let

E(T )(x) = − log(2π) −
∑

γ
|γ|≤T

eiγx

1
2 + iγ

,

and the probability measures on R characterised by

µX(f) = 1
X

∫ X

0
f(E(t)) dt

and

µ
(T )
X (f) = 1

X

∫ X

0
f(E(T )(t)) dt

for a bounded continuous f : R → C.
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Oscillations and Chebyshev’s bias

Sketch of proof II.

• Then µ(T )
X converges weakly to a probability measure µ(T ) as X → ∞, using the

Kronecker-Weyl equidistribution theorem.

• µ(T ) also converges weakly to a probability measure µ as T → ∞, using a
(non-effective!) compacity argument. µ is called the limiting distribution of E(t).

• So far, we know that

1
X

∫ X

0
f(E(t)) dt →

X→∞

∫
R
f(y) dµ(y)

for any bounded continuous f : R → C. Using the LI hypothesis, µ is a continuous
distribution and we can approximate 1π(et)<li(et) by f(E(t)) with bounded
Lipschitz functions f .
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Oscillations and Chebyshev’s bias

Chebyshev’s bias

• This proof is not specific to the study of π(x) < li(x).

If a, b ∈ Z are coprime to
q ≥ 2, then Rubinstein and Sarnak obtained the existence of

δq;a,b := lim
X→∞

1
logX

∫ X

2
1π(t;q,a)>π(t;q,b)

dt
t

under GRH and LI for the Dirichlet L-functions modulo q.

• Moreover, they showed that{
δq;a,b = 1

2 if a and b are both squares or non-squares mod q,
δq;a,b <

1
2 if a is a square mod q and b is not.

• This is the explanation of Chebyshev’s bias: squares tend to lose versus
non-squares in a "prime number race". This is explained by the constant term in the
explicit formula which shifts the mean of the limiting distribution µq;a,b towards its
sign.
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Oscillations and Chebyshev’s bias

Back to first sign change

• Let q ≥ 2, a, b ∈ Z coprime to q and define the generalized Skewes’ number

xq;a,b := inf{x ≥ 2 | π(x; q, a) > π(x; q, b)}.

Bounds were obtained under GRH for small q’s by Knapowski-Turán in the 60’s.

Theorem (B.-Hayani-Untrau, 2026).

Let A > 1. Assume GRH and ELIA for Dirichlet L-functions modulo q. Then

log log log xq;a,b ≪A logφ(q).

• Actually we get bounds on the first sign change in more general "prime number
races", for example the "squares vs non-squares mod q" race.
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The Kronecker-Weyl theorem

Summary

1 Oscillations and Chebyshev’s bias

2 The Kronecker-Weyl theorem

3 Effective Linear Independence and generalized Skewes’ numbers
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The Kronecker-Weyl theorem

Classical Kronecker-Weyl

Theorem (Kronecker-Weyl equidistribution).

Let γ1, . . . , γn be real numbers. Then

Γ =
{(
eiγ1x, . . . , eiγnx

)
| x ∈ R+}

⊆ Tn

is equidistributed in a subtorus Γ of Tn of dimension dim SpanQ(γ1, . . . , γn).

• In other words, for any continuous function g : Tn → C,

νX(g) := 1
X

∫ X

0
g

(
eiγ1t, . . . , eiγnt

)
dt →

X→∞

∫
Γ
g dν,

where ν is the Haar measure on Γ.

• This may also be formulated in the following way: the probability measures νX on
Tn converge weakly to ν as X → ∞.
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The Kronecker-Weyl theorem

Classical Kronecker-Weyl

• It vastly generalizes the classical Kronecker density result from diophantine theory
and Weyl’s 1-dimensional equidistribution theorem.

• In particular, if γ1, . . . , γn are linearly independent over Q, then Γ = Tn and ν is the
Lebesgue measure, so

(
eiγ1x, . . . , eiγnx

)
behaves asymptotically on average like a

vector of independent uniform random variables on the unit circle T.

• It is classically proved first for characters (z1, . . . , zn) 7→ zm1
1 . . . zmn

n of Tn and
extended by density. In particular, there is no explicit rate of convergence to the
limit.
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The Kronecker-Weyl theorem

Wasserstein metric

To measure the rate of convergence, we will use:

Definition (Dual formulation of Wasserstein metric).

Let π1, π2 be Borel probability measures on a polish space M with finite first
moment. Their 1-Wasserstein distance is defined by

W1(π1, π2) = sup
f∈1−Lip(M,R)

|π1(f) − π2(f)|.

Theorem (Bobkov-Ledoux, 2020, Kowalski-Untrau, 2025).

Let π1, π2 be Borel probability measures on Tn with finite first moment. Then for
any H > 0,

W1(π1, π2) ≪
√
n

H
+

 ∑
m∈Zn

1≤||m||∞≤H

|π̂1(m) − π̂2(m)|2

||m||22


1/2

.
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The Kronecker-Weyl theorem

Metric Kronecker-Weyl

Corollary.

Let γ1, . . . , γn be real numbers. For any X > 0, let νX be the probability measure
on Tn characterised by νX(g) = 1

X

∫ X

0 g
(
eiγ1t, . . . , eiγnt

)
dt for any continuous

g : Tn → C and let ν be the Haar measure on Γ. Then for any H > 0,

W1(νX , ν) ≪
√
n

H
+ 1
X

 ∑
m∈Zn

||m||∞≤H,⟨m,γ⟩̸=0

1
||m||22|⟨m, γ⟩|2


1/2

,

where ⟨m, γ⟩ =
∑n

j=1 mjγj .
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Effective Linear Independence and generalized Skewes’ numbers

Summary

1 Oscillations and Chebyshev’s bias

2 The Kronecker-Weyl theorem

3 Effective Linear Independence and generalized Skewes’ numbers
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Effective Linear Independence and generalized Skewes’ numbers

Lower bounds

• Going back to the proof of Rubinstein-Sarnak, we see that if we want to make the
Kronecker-Weyl step effective, we need upper bounds on ⟨m, γ⟩−1, i.e. lower
bounds on ⟨m, γ⟩, with γ being a vector of imaginary parts of zeros of Dirichlet
L-functions.

Conjecture (ELIA for A > 1).

Let q ≥ 2 and let Xq be a set of Dirichlet characters modulo q. We let (γn)n⩾1
be an enumeration in non-decreasing order of the positive imaginary parts of
zeros, counted with multiplicities, of Dirichlet L-functions associated with the
characters χ ∈ Xq and for any T > 0, N(T ) =

∑
γn≤T

1. Then for T > 0,

|⟨m, γ⟩T | :=

∣∣∣∣∣
N(T )∑
j=1

mjγj

∣∣∣∣∣ ≫A N(T )−N(T )A

for any integers m1, . . . ,mN(T ), not all zero, satisfying |mj | ≤ N(T ).
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Effective Linear Independence and generalized Skewes’ numbers

About ELIA

• A similar (stronger) hypothesis was recently used by Lamzouri to obtain

ψ(x) − x = Ω±(x1/2(log log log x)2),

conjectured to be optimal by Montgomery.

• It is heuristically justified by assuming a good distribution of the γi’s mod 1 and
using the pigeonhole principle.

• We can draw a parallel with measures of transcendency: if ξ is a real number, then a
measure of how much it is transcendent can be read on lower bounds of the form

|P (ξ)| =

∣∣∣∣∣
n∑

i=0

miξ
i

∣∣∣∣∣ ≫ H−f(n),

where P ∈ Z[T ] has coefficient satisfying |m1|, . . . , |mn| ≤ H and f(n) is some
positive quantity.
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Effective Linear Independence and generalized Skewes’ numbers

Back to measures

• This time, let

E(t) = φ(q)π(et; q, a) − π(et; q, b)
et/2/t

and E(T )(t) = its explicit formula truncated at height T . We consider the measures

µX(f) = 1
X

∫ X

0
f(E(t)) dt, µ(T )

X (f) = 1
X

∫ X

0
f(E(T )(t)) dt

and µ(T ) the limit of µ(T )
X as X → ∞ (Kronecker-Weyl).

• From estimates on zeros, for X ≥ log T , W1(µX , µ
(T )
X ) ≪ φ(q)2 log q

(
log T√

T
+ 1√

X

)
.

• Letting X → ∞ and by completeness, W1(µ, µ(T )) ≪ φ(q)2 log q log T√
T

.

• Using ELIA, we get for X ≥ Nq(T )2Nq(T )A

, W1(µ(T )
X , µ(T )) ≪A

φ(q)2 log q

Nq(T )1/2 .
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Effective Linear Independence and generalized Skewes’ numbers

Bounds on W1 and the logarithmic integral

Optimising the value of T in terms of q and X , we get:

Theorem (B.-Hayani-Untrau, 2026).

Let A > 1. Assume GRH and ELIA for Dirichlet L-functions modulo q. For X
(quantifiably) large enough, we have

W1
(
µ, µX

)
≪A

(
φ(q)2 log q

) 3
2 + 1

2A (log logX)2(logX)− 1
2A .

Letting Pq;a,b := {x ≥ 2 | π(x; q, a) > π(x; q, b)}, we deduce:

Theorem (B.-Hayani-Untrau, 2026).

Under the same hypotheses,∣∣∣∣ 1
X

∫ X

0
1Pq;a,b (et) dt− δq;a,b

∣∣∣∣ ≪A

(
φ(q)2 log q

) 3
4 + 1

4A (log logX)(logX)− 1
4A .
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Effective Linear Independence and generalized Skewes’ numbers

End of proof

• We remark that δq;a,b > c where c > 0 is an absolute constant because δq;a,b →
q→∞

1
2

uniformly in (a, b).

(In fact, "the worst case" is δ24;1,5 ≈ 0.000011 . . . )

• As soon as
∫ X

log 2 1Pq;a,b (et) dt > 0, we know there is a y ≤ eX such that
π(y; q, a) > π(y; q, b), which yields the final bound

log log log xq;a,b ≪A logφ(q).
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Effective Linear Independence and generalized Skewes’ numbers

Squares vs. non-squares

• The same strategy applies to more general prime number races. For example, let

Rq := {x2 | x ∈ (Z/qZ)×} and NRq := (Z/qZ)× \Rq

and
ρ(q) := #{x ∈ (Z/qZ)× | x2 = 1},

so that #Rq = φ(q)
ρ(q) and #NRq := #Rq(ρ(q) − 1).

• Let π(x; q,R) :=
∑
p≤x

p∈Rq

1 and π(x; q,NR) := π(x) − π(x; q,R). We want to compare

(ρ(q) − 1)π(x; q,R) and π(x; q,NR) (expecting the latter to be ahead in the race): let

δq;R,NR := lim
X→∞

1
X

∫ X

log 2
1(ρ(q)−1)π(et;q,R)>π(et;q,NR) dt

and
xq;R,NR := inf{x ≥ 2 | (ρ(q) − 1)π(x; q,R) > π(x; q,NR)}.
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Effective Linear Independence and generalized Skewes’ numbers

Squares vs. non-squares

• Following the method of Rubinstein-Sarnak, Fiorilli (2014) proved that this race can
be extremely biased: if ρ(q)

log rad(q) → ∞ then δq;R,NR → 0.

He also conjectured that

in that case log log xq;R,NR ≍ ρ(q)
log rad(q) .

Theorem (B.-Hayani-Untrau, 2026).

Let (qn)n be a sequence of integers such that ρ(qn)
log rad(qn) →

n→∞
∞ and assume

GRH and ELIA for some A > 1 for Dirichlet L-functions of quadratic characters
modulo each qn. Then

log log log xqn;R,NR ≪A
ρ(qn)

log rad(qn) + log ρ(qn).

• Moreover, Fiorilli’s conjecture is false and the term log ρ(qn) is important: for each
L > 0, we construct unconditionnally a sequence (qn)n such that
log log log xq;R,NR > L ρ(q)

log rad(q) → ∞.
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Effective Linear Independence and generalized Skewes’ numbers

Over function fields

• Another context where this method can be applied is the count of irreducible
polynomials over finite fields.

• Most tools admit analogs here (Dirichlet L-functions, explicit formulas, discrete
Kronecker-Weyl equidistribution theorem, . . . ).

• Main differences : GRH is known (Weil), LI sometimes fails (Cha) but "not often"
(Kowalski, B.-Devin-Keliher-Li), natural densities instead of logarithmic densities,

no need for ELIA!
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Effective Linear Independence and generalized Skewes’ numbers

L-functions over function fields

• For a non-zero polynomial A ∈ Fq[T ], we let |A| := #Fq[T ]/(A) = qdeg A.

If
Q ∈ Fq[T ] is non-constant and χ is a non-principal Dirichlet character modulo Q,
then the Dirichlet L-function

L(s, χ) =
∑

A∈Fq [T ] monic

χ(A)
|A|s

is a polynomial L(u, χ) ∈ Z[T ] in the variable u := q−s, which admits a
factorization

L(u, χ) =
d∏

j=1

(1 − αju) × P (u)

(where P (u) accounts for a potential trivial zero at u = 1).

• Moreover, the inverse roots αj are of the form

αj = √
qeiγj

with γj ∈ [0, 2π]. (Riemann Hypothesis over function fields)
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Effective Linear Independence and generalized Skewes’ numbers

Baker bound

• Noting that the γj ’s are logarithms of algebraic numbers, Baker’s theory of
logarithmic forms applies and provides a substitute for ELIA!

Theorem (B.-Hayani-Untrau, 2026+).

Let q be a prime power, Q ∈ Fq[T ] be monic of degree h ≥ 1 and g =
⌊

h−1
2

⌋
.

Let D be a set of r Dirichlet characters modulo Q and γ = (γ1, . . . , γn) be
an enumeration of the distinct arguments in [0, π] of the non-trivial inverse
roots of the Dirichlet L-functions attached to the elements of D. Then for any
m = (m1, . . . ,mn) ∈ Zn, we have

|⟨m, γ⟩| ≥ (rh||m||∞)−c(q,r,h) ,

where
c(q, r, h) = (32rh)rh+3 (2gg!)r2g+3r (log q)rg.

• We can then obtain explicit bounds for Wasserstein metrics for irreducible
polynomial races. The difficulty now lies in getting (almost unconditional) lower
bounds for the density...
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Effective Linear Independence and generalized Skewes’ numbers Thank you!

Thank you for your attention!
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